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9.5.15
Eigenvalues: The characteristic polynomial is:

∣∣∣∣∣∣
1− λ 2 3
0 1− λ 0
2 1 2− λ

∣∣∣∣∣∣ = (1− λ)
∣∣∣∣ 1− λ 3

2 2− λ

∣∣∣∣ = (1− λ)((1− λ)(2− λ)− 6)

= (1− λ)(λ2 − 3λ− 4) = (1− λ)(λ− 4)(λ+ 1) = 0

which gives λ = −1, 1, 4 .

Eigenvectors

λ = −1:

Nul(A+I) = Nul

2 2 3
0 2 0
2 1 3

 = Nul

2 0 3
0 1 0
2 0 3

 = Nul

2 0 3
0 1 0
0 0 0

 = Span


 3

0
−2


λ = 1:

Nul(A− I) = Nul

0 2 3
0 0 0
2 1 1

 = Nul

2 1 1
0 2 3
0 0 0

 = Nul

2 1 1
0 1 3

2
0 0 0


= Nul

2 0 −1
2

0 1 3
2

0 0 0

 = Span


 1

4−3
2
1

 = Span


 1
−6
4



1



λ = 4:

Nul(A− 4I) = Nul

−3 2 3
0 −3 0
2 1 −2

 = Nul

−3 2 3
0 1 0
2 1 −2

 = Nul

−3 0 3
0 1 0
2 0 −2


= Nul

1 0 −1
0 1 0
1 0 −1

 = Nul

1 0 −1
0 1 0
0 0 0

 = Span


10
1


General Solution

x(t) = Ae−t

 3
0
−2

+Bet

 1
−6
4

+ Ce4t

10
1


9.7.15
As usual x = x0 + xp, where x0 is the general solution to the homogeneous equation
x′ = Ax and xp is a particular solution to x′ = Ax+ f .

Homogeneous solution:

The characteristic polynomial is:

(λ+ 4)(λ+ 1)− 4 = λ2 + 5λ+ 4− 4 = λ2 + 5λ = λ(λ+ 5) = 0

which gives λ = 0,−5.

Moreover:

Nul(A− 0I) = Nul

[
−4 2
2 −1

]
= Nul

[
2 −1
0 0

]
= Span

{[
1
2

]}
and

Nul(A+ 5I) = Nul

[
1 2
2 4

]
= Nul

[
1 2
0 0

]
= Span

{[
−2
1

]}
Hence, the general solution to x′ = Ax is:

x0(t) = Ae0t
[
1
2

]
+Be−5t

[
−2
1

]
= A

[
1
2

]
+Be−5t

[
−2
1

]
= A

[
1
2

]
+B

[
−2e−5t
e−5t

]
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Particular solution

Suppose:

xp(t) = v1(t)

[
1
2

]
+ v2(t)

[
−2e−5t
e−5t

]
for functions v1 and v2 to be determined.

Then we have:

X(t)

[
v′1(t)
v′2(t)

]
= f(t)

Where:

X(t) =

[
1 −2e−5t
2 e−5t

]
is the fundamental matrix for the system (basically put the two vectors you found

in xp together in a matrix).

Then:

[
v′1(t)
v′2(t)

]
= (X(t))

−1
f(t)

=

[
1 −2e−5t
2 e−5t

]−1 [ 1
t

4 + 2
t

]
=

e5t

5

[
e−5t 2e−5t

−2 1

] [
1
t

4 + 2
t

]
=

[ 1
5

2
5

−2
5 e

5t e5t

5

] [
1
t

4 + 2
t

]
=

[
1
5t +

8
5 + 4

5t

���−2e5t
5t + 4

5e
5t +

�
�2e5t

5t

]

=

[
1
t +

8
5

4
5e

5t

]
Therefore v′1(t) =

1
t +

8
5 , so:

v1(t) =

∫
1

t
+

8

5
dt = ln |t|+ 8t

5

And v′2(t) =
4
5e

5t, so:

v2(t) =

∫
4

5
e5tdt =

4

25
e5t
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Finally, we get:

xp(t) = v1(t)

[
1
2

]
+ v2(t)

[
−2e−5t
e−5t

]
=

(
ln |t|+ 8t

5

) [1
2

]
+
(

4
25e

5t
) [−2e−5t

e−5t

]
=

[
ln |t|+ 8t

5 −
8
25

2 ln |t|+ 16t
5 + 4

25

]
Solution:

x(t) = x0 + xp = A

[
1
2

]
+Be−5t

[
−2
1

]
+

[
ln |t|+ 8t

5 −
8
25

2 ln |t|+ 16t
5 + 4

25

]

10.3.9
Here f(x) = x and T = π, so the Fourier series for x is:

a0
2

+

∞∑
n=1

an cos(nx) + bn sin(nx)

where:

an =
1

π

∫ π

−π
x cos(nx)dx = 0

because x cos(nx) is an odd function and (−π, π) is symmetric about the origin

bn =
1

π

∫ π

−π
x sin(nx)dx

=
2

π

∫ π

0

x sin(nx)dx because x sin(nx) is even

=
2

π

([
x

(
− cos(nx)

n

)]π
0

−
∫ π

0

− cos(nx)

n

)
integration by parts

=
2

π

(
−π cos(nπ)

n
+ 0 +

[
sin(nx)

n2

]π
0

)
=

2

π

(
−π
n
(−1)n + 0

)
=

2

n
(−1)n+1

Therefore the Fourier series is:

∞∑
n=1

2

n
(−1)n+1 sin(nx)
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